Abstract-In this paper, we consider the interference caused by a secondary system to the primary system in a cognitive radio network. We consider a secondary system deployed in a field of primary receivers. Primary receivers are assumed to be distributed according to a Poisson point process with a density parameter λp. We assume that the secondary system consists of source, relay, and destination terminals, and the source terminal can communicate with the destination terminal either directly (direct mode) or using the relay (relaying mode). We derive analytical expressions for the outage probability of both modes including pathloss, shadowing and multipath fading, and validate the analytical results by simulation. We also derive analytical expressions for the maximum interference caused by both modes to the primary receivers. The results show that to achieve the same median SNR level, the relaying mode may cause less interference to the primary receivers than the direct mode in high pathloss and low shadowing conditions. However, the relaying mode has much higher interference than the direct mode if both modes have the same capacity performance. The results also show that the capacity of the relaying mode has to be reduced by about one half to provide the same level of interference as the direct mode in a typical channel environment.
I. INTRODUCTION
Recently, cognitive radio has been proposed as a means to exploit the under-utilized licensed spectrum [1] , [2] , [3] . The main objective of cognitive radio networks is that the quality-of-service (QoS) of the primary network should not be degraded significantly due to the presence of the secondary network. On other hand a secondary network has to provide a reasonable capacity to justify its deployment cost [4] . Hence, the cognitive radio network has the dual aim of achieving as much capacity as possible with minimum interference to the primary network. A considerable body of research is now available on cognitive radio network interference problems [5] , [6] , [7] . These studies show that unlike conventional licensed networks, the capacity of a secondary network is significantly affected by the coexisting primary system due to the fact that the transmission power of the secondary system is limited by the primary network requirements for QoS.
Relays are commonly used in wireless communication to increase range or reduce transmission power at the transmitter [8] , [9] . The relaying terminals forward the information from the source to the destination mainly using two well known methods: amplify-and-forward (AF) and decode-and-forward (DF). In AF mode, the relay terminal does not decode or demodulate, but amplifies the received observations and retransmits to the destination.
The use of relays is now being considered in cognitive radio networks for user cooperation [10] , [11] . In [10] the cognitive transmitter is assisted by a group of relays only when the primary user is absent. In [11] relays are used in a cognitive radio network in which the performance of relay assisted transmission is compared with direct transmission. In this case only one primary transmitter-receiver pair is considered for comparison.
In this paper we consider a secondary system deployed in a field of primary receivers. The secondary system consists of source, relay and destination terminals where the source can communicate to the destination terminal either directly (direct mode) or using the relay (relaying mode). Our primary interest is in comparing the ability of the cognitive relay and the direct link to provide reasonable rates while co-existing with the primary users. In particular, the potential for the relay system to reduce interference by reducing transmit power is evaluated. There is certainly support for the idea that relay systems will produce less interference due to lower transmit powers [12] , [13] . In [12] , for example, this assumption seems to be assumed correct without any evaluation. However, such a conclusion may not always be valid and it is useful to take a detailed look at the simple case of a single cognitive radio relay surrounded by primary receivers. The comparison of the relaying and direct modes can be made in several ways, and for fairness the two modes must operate under equivalent conditions. Hence, we consider the following scenarios:
• If the SNR at the destination is the same for both modes, how do transmit power and interference vary? • If the capacity is the same for both modes, how do transmit power and interference vary? • If the interference is the same for both modes, how do transmit power and capacity vary? In order to evaluate these scenarios we derive analytical expressions for the outage probability of both modes including pathloss, shadowing and multipath fading, and validate the analytical results by simulation. We also derive analytical expressions for the maximum interference caused by both modes to the primary receivers. These derivations enable a fair comparison between the two modes but do not lead to convenient closed form results. Hence, a numerical approach is taken to some of the computations. Due to the iterative nature of some of the analysis, these numerical solutions are essential and it is difficult to obtain accurate answers via simulation. are denoted as P i (i = 1, 2, . . .) and their spatial distribution follows a Poisson point process with a density parameter, λ p , which denotes the average number of primary users per unit area [4] . The secondary system consists of the source (S c ), relay (R c ), and destination (D c ) terminals and each of them is equipped with a single antenna. S c can communicate to D c either directly (direct mode) or using the relay, R c , (relaying mode). In this paper we will compare the performance of these two options. We assume that S c is located at the origin, (0, 0), and D c is located 2D meters to the right at (2D, 0). For the secondary relay the optimal location (D, 0), midway between S c and D c , is chosen so that the full benefits of relaying can be assessed [14] . In relaying mode, we assume for simplicity that there is no direct link between S c and D c . During the first hop, the source terminal transmits to the relay. In the second hop, the relay terminal transmits the amplified signal from the first hop to the destination. We also assume that in relaying mode both S c and R c use a transmit power of p r , and in the direct mode S c uses a power of p d . We also assume that the secondary relay terminal assists in the communication with the destination terminal using the AF method. In this method, without decoding or demodulation the relay terminal, R c amplifies the received observation corresponding to the signal from the source by a factor, a, and retransmits it to the destination. In this paper, we use a time division multiple access (TDMA) scheme, which implies that in any time slot, S c or R c is the only interference source to the primary receivers. Note that there are two key assumptions in the relaying mode of the system model: half duplex relaying and no direct link from source to destination. If these assumptions are relaxed then the relaying mode capacity will increase and the potential for interference reduction will grow. Nevertheless, the simple structure considered here is well-established and leads to insights into the interference properties of cognitive radio relays.
We use a realistic channel model which includes pathloss, shadowing and multipath fading. Channel gains are given by
where z ∈ {c, s, r}, A is a pathloss-related constant, r j is the distance between the transmitter and the receiver of the corresponding channel, γ is the pathloss exponent ranging from 2 to 5 [15] , and L z j and h z j are random variables which model the effects of shadowing and multipath fading. We assume that the shadowing factors, L z j , are mutually independent, following a lognormal distribution with zero mean and a standard deviation, σ sf , ranging from 5 to 12 dB [16] . We further assume that the fading factors, h z j , are frequencyflat and zero mean circularly symmetric complex Gaussian (ZMCSCG) random variables of unit variance.
Consider the cognitive radio system in Fig. 1 . In direct mode, D c receives a signal from S c in every time slot. The signal received by D c in this mode can be given by
where n d is the noise at D c and x is the normalized transmit symbol. In relaying mode, D c receives a signal from S c through R c in every other time slot and the received signal at D c after the two hops is given by:
In (3), n r is the noise at R c . The noise at R c and D c is modeled as ZMCSCG with E{n r n † r } = σ 2 r , and
The relay amplification factor, a, is determined by using the power constraint, E{|a(g c 1
√
p r x + n r )| 2 } = p r and assuming instantaneous knowledge of the S c →R c link is known at R c . Thus, the amplification factor can be calculated as
where the expectation is taken over x and n r . This power constraint ensures that on average the transmit power at R c is p r .
III. OUTAGE PROBABILITY In this section, we calculate the outage probability of the direct and relaying mode based on the signal-to-noise ratio (SN R) at the receiver.
A. Direct Mode
The instantaneous SN R of the direct mode, SN R d , can be calculated from (1) and (2) as,
The system is considered to be in outage if the SN R at D c is lower than some threshold SN R value, t s . Hence, the outage probability of the direct mode can be given as,
Since L c 0 is lognormal and h c 0 is a ZMCSCG random variable with unit variance, the probability density functions (PDFs) of L c 0 and |h c 0 | 2 can be written as follows [17] :
where ξ = 
, and using (6), the outage probability can be computed as
where
. A closed form expression for the integral in (8) is difficult to obtain but it can easily be evaluated numerically.
B. Relaying Mode
The instantaneous SN R of the relaying mode, SN R r , can be calculated as,
The outage probability of the relaying mode can be given as,
The conditional probability,
independent and both have the exponential distribution. Then, considering the region where SN R r < t s , the conditional probability given in (11) can be calculated as,
The integrals in (12) can be evaluated and simplified to give,
2 have lognormal distributions, and hence, the outage probability in (10) can be evaluated as,
Again, a closed form expression for the integrals in (14) is difficult to obtain and has to be evaluated numerically.
IV. CAPACITY DISTRIBUTIONS OF THE SECONDARY SYSTEM
The instantaneous capacity of the secondary system in direct mode and relaying mode can be given by [18] as
and
respectively. The factor of 1/2 in (16) accounts for the fact that in relaying mode the information is conveyed to the destination terminal over two time slots [8] .
Using the results given in Sec. III (equations (8) and (14)) the capacity distribution of the direct mode, P {C d < t c } and the relaying mode, P {C r < t c } can be obtained as
To compare the direct and relaying mode, we obtain the powers, p d and p r , needed for the same outage probability or for the same capacity performance. Once these power values are obtained, we calculate the maximum interference caused by secondary transmissions with these powers to the primary receivers. Therefore, the following section calculates the maximum interference power distributions for both modes.
V. MAXIMUM INTERFERENCE DISTRIBUTION
Consider the direct mode in which S c transmits signals in every time slot with power, p d . The interference power present at the primary receiver, P i , is given by
where L . Note that in numerical work it is sometimes necessary to employ a minimum distance between the primary receivers and the source/relay to prevent the cognitive radio interference from exploding. However, simulations indicate that such a manipulation is not necessary as the results are insensitive to the presence of this minimum distance. Therefore, for simplicity we assume that r s i 0 and r r i
0.
Hence, the PDF of (r s i ) γ can be given as,
Now, if we denote
as the maximum interference produced by S c to the primary receivers, the distribution of p d max can be found using the same procedure as in [4] . Hence, we obtain
is the CDF of p s i . Then, using the relation
given in [4] and letting V → ∞, we obtain
In (23), Γ (x) is the gamma function. Substituting (23) into (21), the maximum interference distribution can be given as
In relaying mode, S c transmits during the first time slot and R c transmits during the next time slot, both with power, p r . Let the random variables, p rs max and p rr max be the maximum interference caused by S c and R c , respectively. We assume that p rs max and p rr max are mutually independent so that the problem separates into two independent problems of the form given in (24). The independent assumption is an approximation only. Note that p rs max and p rr max depend on fast fading, shadowing and distance variables. The fast fading is exactly independent and the shadowing is usually reasonably independent at moderate separations, especially in urban environments. The distance variables are more complex to interpret. However, with two out of the three variables having zero or small correlations, the assumption seems reasonable and simulations also support the model yielding negligible correlation coefficients. Hence, the maximum interference power distribution in relaying mode can be given as
Comparing (24) and (25), we see that the interference caused by both modes will be equal when p r = 2 −γ/2 p d . Thus, the relaying mode will only have less interference compared to the direct mode when p r < 2 −γ/2 p d . For typical values of γ in (2, 5) , this implies the range of values from p r < 1/2 p d to p r < 0.17 p d in order for interference reduction to take place with relaying.
VI. RESULTS AND DISCUSSIONS
In this section we validate the results derived in sections III -V and these are then used to compare the interference produced by the direct and relaying modes. In all the results given, we let D = 50m, λ p = 0.01 users/m 2 and A = 1. Furthermore, we let σ Most of the analytical results derived depend on the outage probabilities given in (8) and (14) . Therefore, we first validate the results given in (8) and (14) by using Monte Carlo simulation. Figure 2 shows an excellent agreement between the analytical and simulated values of the outage probability in both direct and relaying modes. Next, we examine the maximum IN R produced by the direct and relaying mode, with both modes having the same median SN R. For this, we first obtain the SN R T X values, p d and p r using (8) and (14), respectively, for a given median SN R value. Then, the SN R T X values obtained are used in (24) and (25) to obtain the median of the maximum IN R. The analytical results obtained are shown in Figs. 3 and 4 for different pathloss and shadowing values, respectively. The results show that the relaying mode can have lower IN R than the direct mode when there is high pathloss. The reason is that the direct mode has to boost the SN R T X level more than the relaying mode due to the larger distance to achieve a required SN R level. Furthermore, less shadowing is favorable to the relaying mode because with less shadowing the SN R T X required to achieve the target SN R level decreases more quickly in the relaying mode than the direct mode. Note that sometimes the SN R T X required by the relaying mode to achieve the same SN R level is less compared to the direct mode. However, the relaying mode must have SN R T X , p r < 2 −γ/2 p d , to have lower IN R than the direct mode.
Therefore, to achieve the same median SNR level, the relaying mode can cause less IN R than the direct mode only when the channel has high pathloss and low shadowing conditions. Another question of interest is, which mode generates less IN R while achieving the same capacity performance. In this case we produce results with two sets of channel conditions: high pathloss (γ = 5) and low shadowing (σ sf =5dB) and low pathloss (γ = 3) and high shadowing (σ sf =12dB). Figure 5 shows the IN R produced by both modes with the same capacity performance. Clearly, the IN R produced by the relaying mode is much higher than that of the direct mode even for favorable channel conditions (high pathloss and small shadowing). The main reason is that the 1/2 factor in the capacity expression forces the relaying mode to have much higher SN R T X than the direct mode. Further, even when the relaying mode has less SN R T X than the direct mode, p r is not less than 2 −γ/2 p d so that the IN R is greater than the direct mode. Figure 5 shows that the relaying mode usually has higher IN R to the primary receivers than the direct mode if they need to achieve same capacity. From this, another question of interest is how much capacity the relaying mode has to lose compared to the direct mode to have the same IN R. Figure 6 shows the IN R loss (ratio of the median IN R of the direct mode to that of the relaying mode) against the median capacity loss (median capacity of the direct mode − median capacity of the relaying mode) of the relaying mode compared to the direct mode in a typical channel condition (γ=4, σ sf =7.5dB). The results show that the capacity of the relaying mode has to be reduced by about half to have the same level of IN R as the direct mode. 
VII. CONCLUSIONS
In this paper, we have compared the interference caused by a secondary system to the primary receivers in a cognitive radio network. We have considered a secondary system deployed in a Poisson field of primary receivers whose density is given by λ p . We assumed that the secondary system consists of the source, relay, and destination terminal, and the source terminal can communicate with the destination terminal either directly (direct mode) or using the relay (relaying mode). We derived analytical expressions for the outage probability of both modes including pathloss, shadowing and multipath fading and validated the analytical results by simulation. We also derived analytical expressions for the maximum interference caused by both modes to the primary receivers. The results showed that to achieve the same median SN R level, the relaying mode may cause less interference to the primary receivers than the direct mode in high pathloss and low shadowing conditions. However, the relaying mode has much higher interference than the direct mode if both modes have the same capacity performance. The results also showed that the capacity of the relaying mode has to be reduced by about one half to provide the same level of interference as the direct mode in a typical channel environment.
